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Abstract
The anomalous effective action describing the coupling of gravity to a non-abelian gauge theory
can be determined by a variational solution of the anomaly equation, as shown by Riegert long
ago. It is given by a nonlocal expression, with the nonlocal interaction determined by the Green’s
function of a conformally covariant operator of fourth order. In recent works it has been shown
that this interaction is mediated by a simple pole in an expansion around a Minkowski background,
coupled in the infrared in the massless fermion limit. This result relies on the local formulation of
the original action in terms of two auxiliary fields, one physical scalar and one ghost, which take the
role of massless composite degrees of freedom. In the gravity case, the two scalars have provided
ground in favour of some recent proposals of an infrared approach to the solution of the dark energy
problem, entirely based on the behaviour of the vacuum energy at the QCD phase transition. As
a test of this general result, we perform a complete one-loop computation of the effective action
describing the coupling of a non-abelian gauge theory to gravity. We confirm the appearance of an
anomaly pole which contributes to the trace part of the TJJ correlator and of extra poles in its
trace-free part, in the quark and gluon sectors, describing the coupling of the energy momentum
tensor (T ) to two non abelian gauge currents (J).
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1 Introduction
The study of the effective action describing the coupling of a gauge theory to gravity via the trace
anomaly [1] is an important aspect of quantum field theory, which is not deprived also of direct
phenomenological implications. This coupling is mediated by the correlator involving the energy
momentum tensor together with two vector currents (or TJJ vertex), which describes the interaction
of a graviton with two photons or two gluons in QED and QCD, respectively. At the same time,
the vertex has been at the center of an interesting case study of the renormalization properties of
composite operators in Yang Mills theories [2], in the context of an explicit check of the violation of
the Joglekar-Lee theorem [3] on the vanishing of S-matrix elements of BRST exact operators. In this
second case it was computed on-shell, but only at zero momentum transfer. In this work we are going
to extend this computation and investigate the presence of massless singularities in its expression.
These contribute to the trace anomaly and play a leading role in fixing the structure of the effective
action that couples QCD to gravity. The analysis of [2], which predates our study, unfortunately does
not resolve the issue about the presence or the absence of the anomaly pole in the anomalous effective
action of QCD because of the restricted kinematics involved in that analysis of the TJJ vertex, and
for this reason we have to proceed with a complete re-computation.
Anomaly poles characterize quite universally (gravitational and chiral) anomalous effective actions,
in the sense that account for their anomalies. They have been identified and discussed in the abelian
case both by a dispersive analysis [4] and by a direct explicit computation of the related anomalous
Feynman amplitudes quite recently [5, 6]. Extensive analysis in the case of chiral gauge theory for
anomalous U(1) models have shown the close parallel between solutions of the Ward identities, the
coupling of the poles in the ultraviolet and in the infrared region and the gravity case [7, 8].
It is therefore important to check whether similar contributions appear also in non-abelian gauge
theories coupled to gravity. We recall that the same pole structure is found in the variational solution
of the expression of the trace anomaly, where one tries to identify an action whose energy momentum
tensor reproduces the trace anomaly. This action, found by Riegert long ago [9], is nonlocal and
involves the Green function of a quartic (conformally covariant) operator. The action describes the
structure of the singularities of anomalous correlators with any number of insertions of the energy
momentum tensor and two photons (T nJJ), which are expected to correspond both to single and to
higher order poles, for a sufficiently high n. For obvious reasons, explicit checks of this effective action
using perturbation theory - as the number of external graviton lines grows - becomes increasingly
difficult to handle. The TJJ correlator is the first (leading) contribution to this infinite sum of
correlators in which the anomalous gravitational effective action is expanded.
Given the presence of a quartic operator in Riegert’s nonlocal action, the proof that this action
contains a single pole to lowest order (in the TJJ vertex), once expanded around flat space, has been
given in [4] by Giannotti and Mottola, and provides the basis for the discussion of the anomalous
effective action in terms of massless auxiliary fields contained in their work. The auxiliary fields
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are introduced in order to rewrite the action in a local form. We show by an explicit computation
of the lowest order vertex that Riegert’s action is indeed consistent in the non-abelian case as well,
since its pole structure is recovered in perturbation theory, similarly to the abelian case. Therefore,
one can reasonably conjecture the presence of anomaly poles in each gauge invariant subsets of the
diagrammatic expansion, as the computation for the non-abelian TJJ shows (here for the case of
the single pole). In particular, this is in agreement with the result of [4], where it is shown that,
after expanding around flat spacetime, the quartic operator in Riegert’s action becomes a simple 1/
nonlocal interaction (for the TJJ contribution), i.e. a pole term. We remark that the identification
of a pole term in this and in others similar correlators, as we are going to emphasize in the following
sections (at least in the case of QED and for the sector of QCD mediated by quark loops), requires
an extrapolation to the massless fermion limit, and for this reason its interpretation as a long-range
dynamical effect in the gravitational effective action requires some caution. In QCD, however, there
is an extra sector that contributes to the same correlator, entirely due to virtual loops of gluons in
the anomaly graphs, which remains unaffected by the massless fermion limit. The appearance of such
a singularity in the effective action, however, does not necessarily imply that its contribution survives
in the physical S-matrix. We will also establish the appearance of other singularities in the trace-free
form factors which, obviously, are not part of Riegert’s action.
We will comment in our conclusions on the possible implications of these results and on some
recent proposals to link this type of behaviour [10, 11] to cosmology and to the dark energy problem.
We also remark that, in general, the coefficient in front of the trace anomaly, for a given theory, can be
computed in terms of its massless fields content, and as such it is well known. However, the structure
of the effective action and the characterization of its fundamental form factors at nonzero momentum
transfer and its complete analytical structure is a novel result. In this respect, the classification of all
the relevant tensor structures which appear in the computation of this correlator is rather involved
and has been performed in the completely off-shell case. We remark that the complexity of the final
expression, in the off-shell case, prevents us from presenting its form. For this reason we will give only
the on-shell version of the complete vertex, which is expressed, as we have mentioned, only in terms
of three fundamental form factors.
Concerning the phenomenological relevance of this vertex, we just mention that it plays an essential
role in the study of NLO corrections to processes involving a graviton exchange. In fact, in theories with
extra dimension, where a low-gravity scale and the presence of Kaluza-Klein excitations may enhance
the rates for processes mediated by gluons and gravitons, the vertex appears in the hard scattering
of the corresponding factorization formula [12] and has been computed in dimensional regularization.
However, to our knowledge, in all cases, there has been no separate discussion of the general structure
of the vertex (i.e. as an amplitude) nor of its Ward identities, which, in principle, would require a more
careful investigation because of the trace anomaly. Anomalous amplitudes, in fact, are defined by the
fundamental Ward identities imposed on them, that we are going to derive from general principles. We
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(a) (b)
Figure 1: The diagrams describing the anomaly pole in the dispersive approach. Fig. (a) depicts the singularity
of the spectral density ρ(s) as a spacetime process. Fig. (b) describes the anomalous pole part of the interaction
via the exchange of a pole.
cover this gap and show, that both dimensional regularization and dimensional reduction reproduce
the correct Ward identity satisfied by this vertex, showing at the same time that the use of these
regularizations is indeed appropriate. Results for this vertex will be given only in the on-shell case,
since in this case the result can be expressed in terms of just three form factors. We have computed
also the off-shell effective action, but its expression is rather lengthy and will not be discussed here,
since it is gauge dependent and of less significance compared to the on-shell result. Most of our work
is concerned with a technical derivation of the leading contribution to the anomalous effective action
of QCD coupled to gravity. We have summarized in our conclusions a brief discussion of the relevance
of this study in the ongoing attempt to link the trace anomaly and QCD to a possible alternative
solution of the problem of dark energy, using this effective action as an intermediate step [10, 11].
2 Anomalous effective actions and their variational solutions
In this section we briefly review the topic of the variational solutions of anomalous effective actions,
and on the local formulations of these using auxiliary fields.
One well known result of quantum gravity is that the effective action of the trace anomaly is given
by a nonlocal form when expressed in terms of the spacetime metric gµν . This was obtained [9] from
a variational solution of the equation for the trace anomaly [1]
T µµ = b F + b
′
(
E − 2
3
R
)
+ b′′R+ c F a µνF aµν , (1)
(see also [13, 14] for an analysis of the gravitational sector) which takes in D = 4 spacetime dimensions
the form
Sanom[g,A] = (2)
1
8
∫
d4x
√−g
∫
d4x′
√
−g′
(
E − 2
3
R
)
x
∆−14 (x, x
′)
[
2b F + b′
(
E − 2
3
R
)
+ 2 c FµνF
µν
]
x′
.
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Here, the parameters b and b′ are the coefficients of the Weyl tensor squared,
F = CλµνρC
λµνρ = RλµνρR
λµνρ − 2RµνRµν + R
2
3
(3)
and the Euler density
E =∗Rλµνρ
∗Rλµνρ = RλµνρR
λµνρ − 4RµνRµν +R2 (4)
respectively of the trace anomaly in a general background curved spacetime. Notice that the last term
in (2) is the contribution generated in the presence of a background gauge field, with coefficient c.
For a Dirac fermion in a classical gravitational (gµν) and abelian (Aα) background, the values of the
coefficients are b = 1/(320π2), and b′ = −11/(5760π2), and c = −e2/(24π2), with e being the electric
charge of the fermion. One crucial feature of this solution is its origin, which is purely variational.
Obtained by Riegert long ago, the action was derived by solving the variational equation satisfied
by the trace of the energy momentum tensor. ∆−14 (x, x
′) denotes the Green’s function inverse of the
conformally covariant differential operator of fourth order, defined by
∆4 ≡ ∇µ
(
∇µ∇ν + 2Rµν − 2
3
Rgµν
)
∇ν = 2 + 2Rµν∇µ∇ν + 1
3
(∇µR)∇µ − 2
3
R . (5)
Given a solution of a variational equation, it is mandatory to check whether the solution is indeed
justified by a perturbative computation. One specific feature of these solutions is the presence of
anomaly poles. In previous works we have elaborated on the significance of these interactions, extracted
from a direct perturbative computation, by a painstaking analysis of anomaly graphs under general
kinematical conditions, and not just by a dispersive approach. The dispersive approach allows to
connect this behaviour of the spectral density to a very specific infrared configuration.
2.1 The kinematics of an anomaly pole
In our conventions we will denote with p and q the outgoing momenta of the two photons/gluons
and with k the incoming momentum of the graviton. s ≡ (p + q)2 denotes the invariant mass of the
external graviton line. A computation of the spectral density ρ(s) of the TJJ amplitude in QED
shows that this takes the form ρ(s) ∼ δ(s). The configuration responsible for the appearance of a
pole is illustrated in Fig. 1 (a). It describes the decay of a graviton line into two on-shell photons.
The decay is mediated by a collinear and on-shell fermion-antifermion pair and can be interpreted as
a spacetime process. The corresponding interaction vertex, described as the exchange of a pole, is
instead shown in Fig. 1 (b). The actual process depicted in Fig. 1 (a) is obtained at diagrammatic
level by setting on-shell the fermion/antifermion pair attached to the graviton line. This configuration,
present in the spectral density of the diagram only for on-shell photons, generates a pole contribution
which can be shown to be coupled in the infrared. This means that if we compute the residue of the
amplitude for s→ 0 we find that it is non-vanishing. In the general expression of the vertex, a similar
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configuration is extracted in the high energy limit, not by a dispersive analysis, but by an explicit
(off-shell) computation of the diagrams. Clearly, the pole, in this second case, has a vanishing residue
as s→ 0, but is nevertheless a signature of the anomaly at high energy. Either for virtual or for real
photons, a direct computation of the vertex allows to extract the pole term, without having to rely
on a dispersive analysis. This point has been illustrated in our previous computations of the chiral
anomaly vertex [8] and in the computation of the TJJ vertex for QED [5]. The identification of this
singularity in the case of QCD is in perfect agreement with those previous results.
2.2 The single pole from ∆4
In the case of the gravitational effective action, the appearance of the inverse of ∆4 operator seems to
be hard to reconcile with the simpler 1/ interaction which is predicted by the perturbative analysis
of the TJJ correlator, which manifests a single anomaly pole. In [4], Giannotti and Mottola show step
by step how a single pole emerges from this quartic operator, by using the auxiliary field formulation
of the same effective action. Clearly, more computations are needed in order to show that the nonlocal
effective action consistently does justice of all the poles (of second order and higher) which should
be present in the perturbative expansion. Obviously, the perturbative computations - being either
based on dispersion theory or on complete evaluations of the vertices, as in our case - become rather
hard as we increase the number of external lines of the corresponding perturbative correlator. For
instance, this check becomes almost impossible for correlators of the form TTTT or higher, due to the
appearance of a very large number of tensor structure in the reduction to scalar form of the tensor
Feynman integrals. In the case of TJJ the computation is still manageable, since it does not require
Feynman integrals beyond rank-4.
Expanding around flat space, the local formulation of Riegert’s action, as shown in [4, 15], can be
rewritten in the form
Sanom[g,A]→ − c
6
∫
d4x
√−g
∫
d4x′
√
−g′Rx−1x,x′ [FαβFαβ ]x′ , (6)
which is valid to first order in the fluctuation of the metric around a flat background, denoted as hµν
gµν = ηµν + κhµν , κ =
√
16πGN (7)
with GN being the 4-dimensional Newton’s constant. The formulation in terms of auxiliary fields of
this axion gives
Sanom[g,A;ϕ,ψ
′ ] =
∫
d4x
√−g
[
−ψ′ϕ− R
3
ψ′ +
c
2
FαβF
αβϕ
]
, (8)
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where φ and ψ are the auxiliary scalar fields. They satisfy the equations
ψ′ ≡ bψ , (9)
ψ′ =
c
2
FαβF
αβ , (10)
ϕ = −R
3
. (11)
In order to make contact with the TJJ amplitude, one needs the expression of the energy momen-
tum extracted from (8) to leading order in hµν , or, equivalently, from (6) that can be shown to take
the form
T µνanom(z) =
c
3
(gµν− ∂µ∂ν)z
∫
d4x′−1z,x′
[
FαβF
αβ
]
x′
. (12)
Notice that T µνanom is the expression of the energy momentum tensor of the theory in the background
of the gravitational and gauge fields. We recall, in fact, that in the QED case, for instance, the energy
momentum tensor of the theory is split into the free fermionic part Tf , the interacting fermion-photon
part Tfp and the photon contribution Tph which are given by
T µνf = −iψ¯γ(µ
↔
∂
ν)ψ + gµν(iψ¯γλ
↔
∂λψ −mψ¯ψ), (13)
T µνfp = − eJ (µAν) + egµνJλAλ , (14)
and
T µνph = F
µλF ν λ −
1
4
gµνF λρFλρ, (15)
where the current is defined as
Jµ(x) = ψ¯(x)γµψ(x) . (16)
The connected components of TJJ can be obtained directly from the quantum average of Tp,
defined as the sum of the fermion contribution and its interaction part with the photon field,
T µνp ≡ T µνf + T µνfp . (17)
In the formalism of the background fields, the TJJ correlator then can be extracted from the
defining functional integral
〈T µνp (z)〉A ≡
∫
DψDψ¯ T µνp (z) e
i
∫
d4xL+
∫
J ·A(x)d4x
= 〈T µνp ei
∫
d4xJ ·A(x)〉 (18)
via two functional derivatives respect to the background field Aµ and generates the effective action
Γµναβ(z;x, y) ≡ δ
2〈T µνp (z)〉A
δAα(x)δAβ(y)
∣∣∣∣
A=0
= Γµναβanom + Γ˜
µναβ . (19)
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We have separated in (19) the pole contribution Γanom from the rest of the amplitude (Γ˜), which
does not contribute to the trace part. Notice that Γanom, derived from either the classical generating
functional (12) given by Riegert’s action or from the direct perturbative expansion of (19), should
nevertheless coincide, for the pole term not to be a spurious artifact of the variational solution. In
particular, a computation performed in QED shows that the pole term extracted from Tanom via
functional differentiation
Γµναβanom(p, q) =
∫
d4x
∫
d4y eip·x+iq·y
δ2T µνanom(0)
δAα(x)Aβ(y)
=
e2
18π2
1
k2
(
gµνk2 − kµkν)uαβ(p, q)
(20)
with
uαβ(p, q) ≡ (p · q) gαβ − qα pβ , (21)
indeed coincides with the result of the perturbative expansion, as defined from the first term on the
rhs of (19). Thus, the entire contribution to the anomaly is extracted form Tanom as
gµνT
µν
anom = cFαβF
αβ = − e
2
24π2
FαβF
αβ. (22)
As we have already mentioned, the full action (2), varied several times with respect to the background
metric gµν and/or the background gauge fields Aα gives those parts of the correlators of higher order,
such as 〈TTT...JJ〉 and 〈TTT...〉, which contribute to the trace anomaly. In particular, the anomalous
contributions of the T nJJ ’s vertices are obtained by varying the local action both respect to the metric
and to the gauge fields.
3 The energy momentum tensor and the Ward identities
Moving to the QCD case, we introduce the definition of the QCD energy-momentum tensor, which is
given by
Tµν = −gµνLQCD − F aµρF aρν −
1
ξ
gµν∂
ρ(Aaρ∂
σAaσ) +
1
ξ
(Aaν∂µ(∂
σAaσ) +A
a
µ∂ν(∂
σAaσ))
+
i
4
[
ψγµ(
−→
∂ ν − igT aAaν)ψ − ψ(
←−
∂ ν + igT
aAaν)γµψ + ψγν(
−→
∂ µ − igT aAaµ)ψ
− ψ(←−∂ µ + igT aAaµ)γνψ
]
+ ∂µω
a(∂νω
a − gfabcAcνωb) + ∂νωa(∂µωa − gfabcAcµωb), (23)
where F aµν is the non-abelian field strength of the gauge field A
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν (24)
and we have denoted with ωa the Faddeev-Popov ghosts and with ωa the antighosts, while ξ is the
gauge-fixing parameter. The T a’s are the gauge group generators in the fermion representation and
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fabc are the antisymmetric structure constants. For later use, it is convenient to isolate the gauge-fixing
and ghost dependent contributions from the entire tensor
T g.f.µν =
1
ξ
[
Aaν∂µ(∂ ·Aa) +Aaµ∂ν(∂ · Aa)
]− 1
ξ
gµν
[
−1
2
(∂ ·A)2 + ∂ρ(Aaρ∂ · Aa)
]
, (25)
T ghµν = ∂µω¯
aDabν ω
b + ∂ν ω¯
aDabµ ω
b − gµν∂ρω¯aDabρ ωb. (26)
The coupling of QCD to gravity in the weak gravitational field limit is given by the interaction
Lagrangian
Lint = −1
2
κhµνTµν . (27)
Notice that Tµν as defined in Eq. (23) is symmetric, while traceless for a massless theory. The
symmetric expression can be easily found as suggested in [16], by coupling the theory to gravity and
then defining it via a functional derivative with respect to the metric, recovering (23) in the flat
spacetime case.
The conservation equation of the energy-momentum tensor takes the following form off-shell [17, 18]
∂µTµν = −δS
δψ
∂νψ − ∂νψ¯ δS
δψ¯
+
1
2
∂µ
(
δS
δψ
σµνψ − ψ¯σµν δS
δψ¯
)
− ∂νAaµ
δS
δAaµ
+ ∂µ
(
Aaν
δS
δAaµ
)
− δS
δωa
∂νω
a − ∂ν ω¯a δS
δω¯a
(28)
where σµν =
1
4 [γµ, γν ]. It is indeed conserved by using the equations of motion of the ghost, antighost
and fermion/antifermion fields. The off-shell relation is particularly useful, since it can be inserted
into the functional integral in order to derive some of the Ward identities satisfied by the correlator.
In fact, the implications of the conservation of the energy-momentum tensor on the Green’s functions
can be exploited through the generating functional, obviously defined as
Z[J, η, η¯, χ, χ¯, h] =
∫
DADψDψ¯DωDω¯ exp
{
i
∫
d4x (L+ JµAµ
+η¯ψ + ψ¯η + χ¯ω + ω¯χ+ hµνT
µν
)}
, (29)
where L is the standard QCD action and we have added the coupling of the energy-momentum tensor
of the theory to the background gravitational field hµν , which is the typical expression needed in the
study of QCD coupled to gravity with a linear deviation from the flat metric. We have denoted with
J, η, η¯, χ, χ¯ the sources of the gauge field A (J), the source of the fermion and antifermion fields (η¯, η)
and of the ghost and antighost fields (χ¯, χ) respectively. The generating functionalW of the connected
Green’s functions is, as usual, denoted by
exp iW [J, η, η¯, χ, χ¯, h] =
Z[J, η, η¯, χ, χ¯, h]
Z[0, 0, 0, 0, 0, 0]
(30)
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(normalized to the vacuum functional) and the effective action, defined as the generating functional
Γ of the 1-particle irreducible and truncated amplitudes. This is obviously obtained from W by a
Legendre transformation respect to all the sources, except, in our case, hµν , which is taken as a
background external field
Γ[Ac, ψ¯c, ψc, ω¯c, ωc, h] =W [J, η, η¯, χ, χ¯, h] −
∫
d4x
(
JµA
µ
c + η¯ψc + ψ¯cη + χ¯ωc + ω¯cχ
)
. (31)
The source fields are eliminated from the right hand side of Eq. (31) inverting the relations
Aµc =
δW
δJµ
, ψc =
δW
δη¯
, ψ¯c =
δW
δη
, ωc =
δW
δχ¯
, ω¯c =
δW
δχ
(32)
so that the functional derivatives of the effective action Γ with respect to its independent variables are
δΓ
δAµc
= −Jµ, δΓ
δψc
= −η¯, δΓ
δψ¯c
= −η, δΓ
δωc
= −χ¯, δΓ
δω¯c
= −χ, (33)
and for the source hµν we have instead
δΓ
δhµν
=
δW
δhµν
. (34)
The conservation of the energy-momentum tensor summarized in Eq. (28) in terms of classical fields,
can be re-expressed in a functional form by a differentiation of W with respect to hµν and the use of
Eq. (28) under the functional integral. We obtain
∂µ
δW
δhµν
= η¯ ∂ν
δW
δη¯
+ ∂ν
δW
δη
η − 1
2
∂µ
(
η¯σµν
δW
δη¯
− δW
δη
σµνη
)
+ ∂ν
δW
δJµ
Jµ − ∂µ
(
δW
δJµ
Jν
)
+ χ¯∂ν
δW
δχ¯
+ ∂ν
δW
δχ
χ , (35)
and finally, for the one particle irreducible generating functional, this gives
∂µ
δΓ
δhµν
= − δΓ
δψc
∂νψc − ∂ν ψ¯c δΓ
δψ¯c
+
1
2
∂µ
(
δΓ
δψc
σµνψc − ψ¯cσµν δΓ
δψ¯c
)
− ∂νAµc
δΓ
δAµc
+ ∂µ
(
Aνc
δΓ
δAµc
)
− δΓ
δωc
∂νωc − ∂ν ω¯c δΓ
δω¯c
, (36)
obtained from Eq. (35) with the help of Eqs. (32, (33), (34). We summarize below the relevant Ward
identities that can be used in order to fix the expression of the correlator.
• Single derivative general Ward identity
The Ward identities describing the conservation of the energy-momentum tensor for the one-
particle irreducible Green’s functions with an insertion of Tµν can be obtained from the functional
equation (36) by taking functional derivatives with respect to the classical fields. For example,
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the Ward identity for the graviton - gluon gluon vertex is obtained by differentiating Eq. (36)
with respect to Aacα(x1) and A
b
c β(x2) and then setting all the external fields to zero
∂µ〈Tµν(x)Aaα(x1)Abβ(x2)〉trunc = −∂νδ4(x1 − x)D−1αβ (x2, x)− ∂νδ4(x2 − x)D−1αβ (x1, x)
+ ∂µ
(
gανδ
4(x1 − x)D−1βµ (x2, x) + gβνδ4(x2 − x)D−1αµ(x1, x)
)
(37)
where D−1αβ (x1, x2) is the inverse gluon propagator defined as
D−1αβ (x1, x2) = 〈Aα(x1)Aβ(x2)〉trunc =
δ2Γ
δAαc (x1)δA
β
c (x2)
(38)
and where we have omitted, for simplicity, both the colour indices and the symbol of the T -
product. The first Ward identity (37) becomes
kµ〈Tµν(k)Aα(p)Aβ(q)〉trunc = qµD−1αµ(p)gβν + pµD−1βµ (q)gαν − qνD−1αβ (p)− pνD−1αβ (q) . (39)
• Trace Ward identity at zero momentum transfer
It is possible to extract a Ward identity for the trace of the energy-momentum tensor for the
same correlation function using just Eq. (39). In fact, differentiating it with respect to pµ (or
qµ) and then evaluating the resulting expression at zero momentum transfer (p = −q) we obtain
the Ward identity in d spacetime dimensions
〈T µµ (0)Aα(p)Aβ(−p)〉trunc =
(
2− d+ p · ∂
∂p
)
D−1αβ (p) (40)
where the number 2 counts the number of external gluon lines. For d = 4 and using the
transversality of the one-particle irreducible self-energy, namely
D−1αβ (p) = (p
2gαβ − pαqβ)Π(p2), (41)
the Ward identity in Eq. (40) simplifies to
〈T µµ (0)Aα(p)Aβ(−p)〉trunc = 2p2(p2gαβ − pαqβ)
dΠ
dp2
(p2). (42)
The trace Ward identity in Eq. (40) at zero momentum transfer can also be explicitly related to
the β function and the anomalous dimensions of the renormalized theory. These enter through
the renormalization group equation for the two-point function of the gluon. Defining the beta
function and the anomalous dimensions as
β(g) = µ
∂g
∂µ
, γ(g) = µ
∂
∂µ
log
√
ZA, m γm(g) = µ
∂m
∂µ
(43)
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and denoting with ZA the wave function renormalization constant of the gluon field, with g
the renormalized coupling, and with m the renormalized mass, the trace Ward identity can be
related to these functions by the relation
〈T µµ (0)Aα(p)Aβ(−p)〉trunc =
[
β(g)
∂
∂g
− 2γ(g) +m(γm(g)− 1) ∂
∂m
]
D−1αβ (p). (44)
• Two-derivatives Ward identity via BRST symmetry
We can exploit the BRST symmetry of the gauge-fixed lagrangian in order to derive some general-
ized Ward (Slavnov-Taylor) identities. We start by computing the BRST variation of the energy-
momentum tensor, which is given by
δAaµ = λD
ab
µ ω
b, (45)
δωa = −1
2
gλfabcωbωc, (46)
δω¯a = −1
ξ
(∂µAaµ)λ, (47)
δψ = igλωataψ, (48)
δψ¯ = −igψ¯taλωa, (49)
where λ is an infinitesimal Grassmann parameter.
A careful analysis of the energy-momentum tensor presented in Eq. (23) shows that the fermionic and
the gauge part are gauge invariant and therefore invariant also under BRST. Instead the gauge-fixing
and the ghost contributions must be studied in more detail. Using the transformation equations (45)
and (47) in (26) one can prove the two identities
λT g.f.µν = −Aaν∂µδω¯a −Aaµ∂νδω¯a + gµν
[
1
2
∂ ·Aaδω¯a +Aaρ∂ρδω¯a
]
, (50)
λT ghµν = −∂µω¯aδAaν − ∂ν ω¯aδAaµ + gµν∂ρω¯aδAaρ, (51)
which show that the ghost and the gauge-fixing parts of the energy-momentum tensor (times the
anticommuting factor λ) can be written as an appropriate BRST variation of ghost/antighost and
gauge contributions. Their sum, instead, can be expressed as the BRST variation of a certain operator
plus an extra term which vanishes when using the ghost equations of motion
λ
(
T g.f.µν + T
gh
µν
)
= δ
[
−∂µω¯aAaν − ∂νω¯aAaµ + gµν
(
Aaρ∂ρω¯
a +
1
2
∂ ·Aaωa
)]
+ gµν
1
2
λω¯a∂ρDabρ ω
b, (52)
which shows explicitly the structure of the gauge-variant terms in the energy-momentum tensor. Using
the nilpotency of the BRST operator (δ2 = 0), the BRST variation of Tµν is given by
δTµν = δ(T
g.f.
µν + T
gh
µν ) =
λ
ξ
[
Aaµ∂ν∂
ρDabρ ω
b +Aaν∂µ∂
ρDabρ ω
b − gµν∂σ(Aaσ∂ρDabρ ωb)
]
, (53)
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where it is straightforward to recognize the equation of motion of the ghost field on its right-hand
side. Using this last relation, we are able to derive some constraints on the Green’s functions involving
insertions of the energy-momentum tensor. In particular, we are interested in some identities satisfied
by the correlator 〈TµνAaαAbβ〉 in order to define it unambiguously. For this purpose, it is convenient
to choose an appropriate Green’s function, in our case this is given by 〈Tµν∂αAaαω¯b〉, and then exploit
its BRST invariance to obtain
δ〈Tµν∂αAaαω¯b〉 = 〈δTµν∂αAaαω¯b〉+ λ〈Tµν∂αDacα ωcω¯b〉 −
λ
ξ
〈Tµν∂αAaα∂βAbβ〉 = 0, (54)
where the first two correlators, built with operators proportional to the equations of motion, contribute
only with disconnected amplitudes, that are not part of the one-particle irreducible vertex function.
From Eq. (54) we obtain the identity
∂αx1∂
β
x2〈Tµν(x)Aaα(x1)Abβ(x2)〉trunc = 0, (55)
which in momentum space becomes
pαqβ〈Tµν(k)Aaα(p)Abβ(q)〉trunc = 0. (56)
A subtlety in these types of derivations concerns the role played by the commutators, which are
generated because of the T-product and can be ignored only if they vanish. In general, in fact, the
derivatives are naively taken out of the correlator, in order to arrive at Eq. (56) and this can generate
an error. In this case, due to the presence of an energy momentum tensor, the evaluation of these
terms is rather involved. For this reason one needs to perform an explicit check of (56) to ensure the
consistency of the formal result in a suitable regularization scheme. As we are going to show in the
next sections, these three Ward identities turn out to be satisfied in dimensional regularization.
4 The perturbative expansion
The perturbative expansion is obtained by taking into account all the diagrams depicted in Figs. 2,
3, 4, where an incoming graviton appears in the initial state and two gluons with momenta p and q
characterize the final state. The different contributions to the total amplitude are identified by the
nature of the internal lines and are computed with the aid of the Feynman rules defined in Appendix
A. Each amplitude is denoted by Γ, with a superscript in square brackets indicating the figure of the
corresponding diagram.
The contributions with a massive fermion running in the loop are depicted in Fig. 2; for the triangle
in Fig. 2a we obtain
− iκ
2
Γ
[2a]ab
µναβ (p, q) = −
κ
2
g2 Tr(T bT a)
∫
d4l
(2π)4
tr
{
V ′µν(l − q, l + p)
1
l/− q/−mγβ
1
l/−mγα
1
l/+ p/−m
}
(57)
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p + l
l − q
l
q
p
k
h
A a
A b
(a)
+ exch.+ +exch.
(b)
l l − q
q
k
h A a
A b
p
(c) (d)
Figure 2: The fermionic contributions with a graviton hµν in the initial state and two gluons Aaα, A
b
β in the
final state.
p + l
l − q
l
q
p
k
h
Aa
Ab
+
k
l l − q
q
k
h Aa
Ab
p
h
k
q
p
Aa
Ab
l − ql
p
q
Aa
Ab
(c)(b)(a) (d)
Figure 3: The gauge contributions with a graviton hµν in the initial state and two gluons Aaα, A
b
β in the final
state.
where the color factor is given by Tr(T bT a) = 12δ
ab; the diagram in Fig. 2c contributes as
− iκ
2
Γ
[2c] ab
µναβ (p, q) = −
κ
2
g2 Tr(T aT b)
∫
d4l
(2π)4
tr
{
W ′µνα
1
l/− q/−mγβ
1
l/−m
}
, (58)
with the vertices V ′µν(l− q, l+ p) and W ′µνα defined in Appendix A, Eqs. (106) and (109) respectively.
The remaining diagrams in Fig. 2 are obtained by exchanging α↔ β and p↔ q
− i κ
2
Γ
[2b] ab
µναβ (p, q) = −i
κ
2
Γ
[2a]ab
µναβ (p, q)
∣∣∣∣α ↔ β
p ↔ q
, (59)
−i κ
2
Γ
[2d] ab
µναβ (p, q) = −i
κ
2
Γ
[2c] ab
µναβ (p, q)
∣∣∣∣α ↔ β
p ↔ q
. (60)
Moving to the gauge sector we find the four contributions in Fig. 3: the first one with a triangular
topology is given by
− iκ
2
Γ
[3a]ab
µναβ (p, q) = −
κ
2
g2fadef bde
∫
d4l
(2π)4
1
l2 (l + p)2 (l − q)2
[
V Gggµνρσ(l − q,−l − p) ×
V 3τσα(−l, l + p,−p) V 3ρτβ(−l + q, l,−q)
]
, (61)
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where the color factor is fadef bde = CA δ
ab. Those in Figs. 3b and 3c, containing gluon loops attached
to the graviton vertex, are called “t-bubbles” and can be obtained one from the other by the exchange
of α↔ β and p↔ q. The first “t-bubble” is given by
− iκ
2
Γ
[3b] ab
µναβ (p, q) = −
1
2
κ
2
g2fadef bde
∫
d4l
(2π)4
V Ggggµνρσβ(−l, l − p,−q)V 3ρασ(k,−p,−l + p)
l2 (l − p)2 (62)
which is multiplied by an additional symmetry factor 12 . There is another similar contribution obtained
from the previous one after exchanging α↔ β and p↔ q
− iκ
2
Γ
[3c] ab
µναβ (p, q) = −i
κ
2
Γ
[3b] ab
µναβ (p, q)
∣∣∣∣α ↔ β
p ↔ q
. (63)
The last diagram with gluons running in the loop is the one in Fig. 3d which is given by
− iκ
2
Γ
[3d]ab
µναβ (p, q) =
1
2
κ
2
g2
∫
d4l
(2π)4
V Gggµνρσ(−l, l − p− q) δdf V 4 abcdρασβ
l2 (l − p− q)2 , (64)
where V 4 is the four gluon vertex defined as
− ig2V 4 abcdµνρσ = −ig2
[
fabef cde(gµρgνσ − gµσgνρ) + facef bde(gµνgρσ − gµσgνρ)
+ fadef bce(gµνgρσ − gµρgνσ)
]
(65)
and therefore
δdf V 4 abcdρασβ = −CAδabV˜ 4ρασβ = −CAδab (gασgβρ + gαρgβσ − 2gαβgσρ) , (66)
so that the amplitude in Eq. (64) becomes
− iκ
2
Γ
[3d] ab
µναβ (p, q) = −
1
2
κ
2
g2CAδ
ab
∫
d4l
(2π)4
V Gggµνρσ(−l, l − p− q) V˜ 4ρασβ
l2 (l − p− q)2 . (67)
In the expression above we have explicitly isolated the color factor CAδ
ab and the symmetry factor 12 .
Finally, the ghost contributions shown in Fig. 4 are given by the sum of
− iκ
2
Γ
[4a]ab
µναβ (p, q) = −
κ
2
g2fadef bde
∫
d4l
(2π)4
Cµνρσ(l − q)ρ(l + p)σlα(l − q)β
l2 (l + p)2 (l − q)2 (68)
for the triangle diagram in Fig. 4a and
− iκ
2
Γ
[4b]ab
µναβ (p, q) =
κ
2
g2fadef bde
∫
d4l
(2π)4
Cµνασl
σ(l − q)β
l2 (l − q)2 (69)
for the “T-bubble” diagram shown in Fig. 4c. The two exchanged diagrams are obtained from those
in Eqs. (68) and (69) with the usual replacement α↔ β and p↔ q.
− i κ
2
Γ
[4b] ab
µναβ (p, q) = −i
κ
2
Γ
[4a]ab
µναβ (p, q)
∣∣∣∣α ↔ β
p ↔ q
, (70)
−i κ
2
Γ
[4d] ab
µναβ (p, q) = −i
κ
2
Γ
[4c] ab
µναβ (p, q)
∣∣∣∣α ↔ β
p ↔ q
. (71)
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p + l
l − q
l
q
p
k
h
A a
A b
+ +exch. + exch.l l − q
q
k
h A a
A b
p
(b) (c) (d)
Figure 4: The ghost contributions with a graviton hµν in the initial state and two gluons Aaα, A
b
β in the final
state.
Having identified the different sectors we obtain the total amplitude for quarks, denoted by a “q”
subscript
Γabq, µναβ(p, q) = Γ
[2a]ab
µναβ (p, q) + Γ
[2b]ab
µναβ (p, q) + Γ
[2c] ab
µναβ (p, q) + Γ
[2d] ab
µναβ (p, q) (72)
and the one for gluons and ghosts as
Γabg, µναβ(p, q) =
∑
j=3,4
[
Γ
[ja] ab
µναβ (p, q) + Γ
[jb] ab
µναβ (p, q) + Γ
[jc]ab
µναβ (p, q) + Γ
[jd] ab
µναβ (p, q)
]
. (73)
5 The on-shell 〈TAA〉 correlator, pole terms and form factors
We proceed with a classification of all the diagrams contributing to the on-shell vertex, starting from
the gauge invariant subset of diagrams that involve fermion loops and then moving to the second set,
the one relative to gluons and ghosts. The analysis follows rather closely the method presented in
the case of QED in previous works [4, 5], with a classification of all the relevant tensor structures
which can be generated using the 43 monomials built out of the 2 of the 3 external momenta of the
triangle diagram and the metric tensor gµν . In general, one can proceed with the identification of a
subset of these tensor structure which allow to formulate the final expression in a manageable form.
The fermionic triangle diagrams, which define one of the two gauge invariant subsets of the entire
correlator, can be given in a simplified form also for off mass-shell external momenta, in terms of
13 form factors as in [4, 5] while the structure of the gluon contributions are more involved. Some
drastic semplifications take place in the on-shell case, where only 3 form factors - both in the quark
and fermion sectors - are necessary to describe the final result.
We write the whole amplitude Γµναβ(p, q) as
Γµναβ(p, q) = Γµναβq (p, q) + Γ
µναβ
g (p, q), (74)
referring respectively to the contributions with quarks (Γq) and with gluons/ghosts (Γg) in Eqs. (72)
and (73). We have omitted the color indices for simplicity. The amplitude Γ is expressed in terms of
16
3 tensor structures and 3 form factors renormalized in the MS scheme
Γµναβq/g (p, q) =
3∑
i=1
Φi q/g(s, 0, 0,m
2) δab φµναβi (p, q) . (75)
One comment concerning the choice of this basis is in order. The 3 form factors are more easily
identified in the fermion sector after performing the on-shell limit of the off-shell amplitude, where the
13 form factors introduced in [4, 5] for QED simplify into the 3 tensor structures that will be given
below. It is then observed that the tensor structure of the gluon sector, originally expressed in terms
of the 43 monomials of [4, 5], can be arranged consistently in terms of these 3 reduced structures.
The tensor basis on which we expand the on-shell vertex is given by
φµναβ1 (p, q) = (s g
µν − kµkν)uαβ(p, q), (76)
φµναβ2 (p, q) = −2uαβ(p, q) [s gµν + 2(pµ pν + qµ qν)− 4 (pµ qν + qµ pν)] , (77)
φµναβ3 (p, q) =
(
pµqν + pνqµ
)
gαβ +
s
2
(
gανgβµ + gαµgβν
)
−gµν
(s
2
gαβ − qαpβ
)
−
(
gβνpµ + gβµpν
)
qα − (gανqµ + gαµqν)pβ,
(78)
where uαβ(p, q) has been defined in Eq. (21). The form factors Φi(s, s1, s2,m
2) have as entry variables,
beside s = (p + q)2, the virtualities of the two gluons s1 = p
2 and s2 = q
2.
In the on-shell case only 3 invariant amplitudes contribute, which for the quark loop amplitude are
given by
Φ1 q(s, 0, 0, m
2) = − g
2
36π2s
+
g2m2
6π2s2
− g
2m2
6π2s
C0(s, 0, 0,m2)
[
1
2
− 2m
2
s
]
, (79)
Φ2 q(s, 0, 0, m
2) = − g
2
288π2s
− g
2m2
24π2s2
− g
2m2
8π2s2
D(s, 0, 0,m2)
− g
2m2
12π2s
C0(s, 0, 0,m2)
[
1
2
+
m2
s
]
, (80)
Φ3 q(s, 0, 0, m
2) =
11g2
288π2
+
g2m2
8π2s
+ g2C0(s, 0, 0,m2)
[
m4
4π2s
+
m2
8π2
]
+
5 g2m2
24π2s
D(s, 0, 0,m2) + g
2
24π2
BMS0 (s,m2), (81)
where the on-shell scalar integrals D(s, 0, 0,m2), C0(s, 0, 0,m2) and BMS0 (s,m2) are computed in Ap-
pendix B. In the massless limit the amplitude Γµναβq (p, q) takes a simpler expression and the previous
form factors become
Φ1 q(s, 0, 0, 0) = − g
2
36π2s
, (82)
Φ2 q(s, 0, 0, 0) = − g
2
288π2 s
, (83)
Φ3 q(s, 0, 0, 0) = − g
2
288π2
[12Ls − 35] , (84)
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Figure 5: Higher order contributions to the anomaly pole involved in the covariantization of the graviton/2-
gluons amplitude.
where
Ls ≡ log
(
− s
µ2
)
s < 0. (85)
In the gluon sector the computation of Γµναβg (p, q) is performed analogously by using dimensional
regularization with modified minimal subtraction (MS) and we obtain for on-shell gluons
Γµναβg (p, q) =
3∑
i=1
Φi g(s, 0, 0) δ
ab φµναβi (p, q) , (86)
where the form factors obtained from the explicit computation are
Φ1 g(s, 0, 0) =
11 g2
72π2 s
CA, (87)
Φ2 g(s, 0, 0) =
g2
288π2 s
CA, (88)
Φ3 g(s, 0, 0) = −g2 CA
[
65
288π2
+
11
48π2
BMS0 (s, 0)−
1
8π2
BMS0 (0, 0) +
s
8π2
C0(s, 0, 0, 0)
]
. (89)
The renormalized scalar integrals can be found in Appendix B.
The full on-shell vertex, which is the sum of the quark and pure gauge contributions, can be
decomposed by using the same three tensor structures φµναβi appearing in the expansion of Γ
µναβ
q (p, q)
and Γµναβg (p, q)
Γµναβ(p, q) = Γµναβg (p, q) + Γ
µναβ
q (p, q) =
3∑
i=1
Φi(s, 0, 0) δ
ab φµναβi (p, q) , (90)
with form factors defined as
Φi(s, 0, 0) = Φi, g(s, 0, 0) +
nf∑
j=1
Φi, q(s, 0, 0,m
2
j ), (91)
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where the sum runs over the nf quark flavors. In particular we have
Φ1(s, 0, 0) = − g
2
72π2 s
(2nf − 11CA) + g
2
6π2
nf∑
i=1
m2i
{
1
s2
− 1
2s
C0(s, 0, 0,m2i )
[
1− 4m
2
i
s
]}
, (92)
Φ2(s, 0, 0) = − g
2
288π2 s
(nf − CA)
− g
2
24π2
nf∑
i=1
m2i
{
1
s2
+
3
s2
D(s, 0, 0,m2i ) +
1
s
C0(s, 0, 0,m2i )
[
1 +
2m2i
s
]}
, (93)
Φ3(s, 0, 0) =
g2
288π2
(11nf − 65CA)− g
2 CA
8π2
[
11
6
BMS0 (s, 0)− BMS0 (0, 0) + s C0(s, 0, 0, 0)
]
+
g2
8π2
nf∑
i=1
{
1
3
BMS0 (s,m2i ) +m2i
[
1
s
+
5
3s
D(s, 0, 0,m2i ) + C0(s, 0, 0,m2i )
[
1 +
2m2i
s
] ]}
,
(94)
with CA = NC and the scalar integrals defined in Appendix B. Notice the appearance in the total
amplitude of the 1/s pole in Φ1, which is present both in the quark and in the gluon sectors, and
which saturates the contribution to the trace anomaly in the massless limit. In this case the entire
trace anomaly is just proportional to this component, which becomes
Φ1(s, 0, 0) = − g
2
72π2 s
(2nf − 11CA) . (95)
The correlator Γµναβ(p, q), computed using dimensional regularization, satisfies all the Ward iden-
tities defined in the previous sections. Notice that the two-derivatives Ward identity introduced in
Eq. (56)
pαqβ Γ
µναβ(p, q) = 0, (96)
derived from the BRST symmetry of the QCD Lagrangian, is straightforwardly satisfied by the on-
shell amplitude. This is easily seen from the tensor decomposition introduced in Eq. (75) because all
the tensors fulfill the condition
pαqβ φ
µναβ
1 (p, q) = 0. (97)
Furthermore, we have checked at one-loop order the validity of the single derivative Ward identity given
in Eq. (39) and describing the conservation of the energy-momentum tensor. Using the transversality
of the two-point gluon function Eq. (39) this gives
kµ Γ
µναβ(p, q) =
(
qν pα pβ − qν gαβ p2 + gνβ qα p2 − gνβ pα p · q
)
Π(p2)
+
(
pν qα qβ − pν gαβ q2 + gνα pβ q2 − gνα qβ p · q
)
Π(q2), (98)
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where the renormalized gluon self energies are defined as
Π(p2) =
g2 CA δ
ab
144π2
(
15BMS0 (p2, 0)− 2
)
+
g2 δab
72π2p2
nf∑
i=1
[
6AMS0 (m2i ) + p2 − 6m2i − 3BMS0 (p2,m2i )
(
2m2i + p
2
)]
. (99)
The QCD β function can be related to the residue of the pole and can be easily computed starting
from the amplitude Γµναβ(p, q) for on-shell external lines and in the conformal limit
gµν Γ
µναβ(p, q) = 3 sΦ1(s; 0, 0, 0)u
αβ (p, q) = −2 β(g)
g
uαβ(p, q), (100)
with the QCD β function given by
β(g) =
g3
16π2
(
−11
3
CA +
2
3
nf
)
. (101)
As we have already mentioned, after contracting the metric tensor gµν with the whole amplitude Γ,
only the tensor structure φµναβ1 (p, q) contributes to the anomaly, being the remaining ones traceless,
with a contribution entirely given by Φ1|m=0 in Eq. (92), i.e. Eq. (95). In the massive fermion
case, the anomalous contribution are corrected by terms proportional to the fermion mass m and
represent an explicit breaking of scale invariance. From a direct computation we can also extract
quite straightforwardly the effective action, which is given by
Spole = − c
6
∫
d4x d4y R(1)(x)−1(x, y)F aαβ F
aαβ
=
1
3
g3
16π2
(
−11
3
CA +
2
3
nf
) ∫
d4x d4y R(1)(x)−1(x, y)FαβF
αβ (102)
and is in agreement with Eq. (6), derived from the nonlocal gravitational action. Here R(1) denotes
the linearized expression of the Ricci scalar
R(1)x ≡ ∂xµ ∂xν hµν −h, h = ηµν hµν (103)
and the constant c is related to the non-abelian β function as
c = −2 β(g)
g
. (104)
Notice that the contribution coming from TJJ generates the abelian part of the non-abelian field
strength, while extra contributions (proportional to extra factors of g and g2) are expected from the
TJJJ and TJJJJ diagrams (see Fig. 5). This situation is analogous to that of the gauge anomaly,
where one needs to render gauge covariant the anomalous amplitude given by the triangle diagram.
In that case the gauge covariant expression is obtained by adding to the AV V vertex also the AV V V
and AV V V V diagrams, with 3 and 4 external gauge lines, respectively.
20
6 Comments
The appearance of massless degrees of freedom in the effective action describing the coupling of gravity
to the gauge fields is rather intriguing, and is an aspect that will require further analysis.
The nonlocal structure of the action that contributes to the trace anomaly, which is entirely
reproduced, within the local description, by two auxiliary scalar fields, seems to indicate that the
effective dynamics of the coupling between gravity and matter might be controlled, at least in part, by
these degrees of freedom. As we have just mentioned, however, this point requires a dedicated study
and for this specific reason our conclusions remain open ended.
Our computation, however, being general, allows also the identification of other massless contri-
butions to the effective action which are surely bound to play a role in the physical S-matrix. They
appear in form factors such as Φ2 (Eq. 93) and Φ3 (Eq. 94) which do not contribute to the trace, but
are nevertheless part of the 1-loop effective action mediated by the triangle graph.
There are also some other comments, at this point, which are in order. Notice that while the
isolation of the pole in the fermion sector indeed requires a massless fermion limit, as obvious from
the structure of Γq, the other gauge invariant sector, described by Γg, is obviously not affected by
this limit, being the corresponding form factors mass independent. This obviously does not imply
necessarily that the gluon pole, which survives the extrapolation to the massless limit, is coupled in
the physical S-matrix.
Building on considerations of this nature, in particular on the possible significance of massless
effective degrees of freedom, the role of the trace anomaly in establishing the effective interaction of
gravity with matter has been reconsidered [10, 11]. The explicit goal of this approach has been to trying
to bypass the existing hierarchy problem between the value of the expected vacuum energy density
(ρ ∼ (10−3eV)4), well-described by a cosmological constant, and the Planck mass (ρ ∼M4P ), which is
a fundamental issue in contemporary cosmology that has not found yet a convincing explanation. In
fact, it has been known for a long time that free massless particles contribute to the anomaly by an
insignificant amount (T µµ ∼ H40 ), proportional to the fourth power of the current Hubble rate, which
is far too small as a value to solve the dark energy problem, due to the fact that we are living in a
flat universe. However, it has been suggested that this small value for the vacuum energy density,
originally attributed to the anomaly, could be raised to the expected one if the gravitational effective
action is characterized by some effective nonlocality. In this case the contribution due to the trace
anomaly could be modified as [19]
T µµ ∼ H0 Λ3QCD ∼ (10−3eV)4, (105)
where ΛQCD is the QCD scale, which is tantalizingly close to the estimated value. While this proposal
and similar others are clearly not the only possible solutions of the dark energy problem (similar
values of the vacuum energy can be obtained, for instance, using axions misaligned at the electroweak
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scale [20] and in several other ways) they share the positive feature of being characterized by few
minimal assumptions. If so, one could envision a solution of the problem of the origin of dark energy
without the need to enlarge the Standard Model spectrum with yet unknown particles and symmetries.
Crucial, in these types of approaches, appears to be the role played by the effective scalar fields in
the anomalous effective action, which are present in the local formulation of Riegert’s action, together
with their possible boundary conditions.
7 Conclusions
One of the standing issues of the anomalous effective action describing the interaction of a non-
abelian theory to gravity is a test of its consistency with the standard perturbative approach. Thus,
variational solutions of the effective action controlled by the trace anomaly should be reproduced by
the perturbative expansion. Building on previous analysis in QED, here we have shown that also
in the non-abelian case there is a perfect match between the two approaches. This implies that the
interaction of gravity with a non-abelian gauge theory, mediated by the trace anomaly, indeed can be
reformulated in terms of auxiliary scalar degrees of freedom, in analogy to the abelian case. We have
proven this result by an explicit computation. Our findings indicate that this feature is typical of each
gauge invariant subsector of the non-abelian TJJ amplitude, a result which is likely to hold also for
singularities of higher order. These are expected to be present in correlators with a larger number of
energy momentum insertions. We hope to return with a more detailed discussion of the role of the
massless singularities - which have been found both in the trace and in the traceless part - of the TJJ
vertex in the near future.
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A Appendix. Feynman rules
The Feynman rules used throughout the paper are collected here
• Graviton - fermion - fermion vertex
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fk2
տ
fk1ր
hµν
→ = −i
κ
2
V ′µν(k1, k2)
= −i κ
2
{
1
4
[γµ(k1 + k2)ν + γν(k1 + k2)µ]− 1
2
gµν [γ
λ(k1 + k2)λ − 2m]
}
(106)
• Graviton - gluon - gluon vertex
g bσk2
տ
g aρk1ւ
hµν→ = −i κ
2
δab V
Ggg
µνρσ(k1, k2)
= −i κ
2
δab
{
k1 · k2 Cµνρσ +Dµνρσ(k1, k2) + 1
ξ
Eµνρσ(k1, k2)
}
(107)
• Graviton - ghost - ghost vertex
cak1
տ
c¯ bk2ր
hµν
= −i κ
2
δab Cµνρσ k1 ρ k2σ
(108)
• Graviton - fermion - fermion - gauge boson vertex
f
f¯gaα
hµν
= ig
κ
2
T aW ′µνα = ig
κ
2
T a
{
−1
2
(γµ gνα + γν gµα) + gµν γα
}
(109)
• Graviton - gluon - gluon - gluon vertex
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gcλ
k3
տ
gbσk2ւ
gaρ k1ց
hµν
= −gκ
2
fabcV Ggggµνρσλ(k1, k2, k3)
= −gκ
2
fabc {Cµνρσ(k1 − k2)λ + Cµνρλ(k3 − k1)σ
+ Cµνσλ(k2 − k3)ρ + Fµνρσλ(k1, k2, k3)}
(110)
• Graviton - ghost - ghost - gauge boson vertex
ca
c¯ bk2ր
gcρ
hµν
=
κ
2
g fabcCµνρσ k
σ
2
(111)
Cµνρσ = gµρ gνσ + gµσ gνρ − gµν gρσ (112)
Dµνρσ(k1, k2) = gµν k1σ k2 ρ −
[
gµσkν1k
ρ
2 + gµρ k1 σ k2 ν − gρσ k1µ k2 ν + (µ↔ ν)
]
(113)
Eµνρσ(k1, k2) = gµν (k1 ρ k1σ + k2 ρ k2σ + k1 ρ k2 σ)−
[
gνσ k1 µ k1 ρ + gνρ k2µ k2 σ + (µ↔ ν)
]
,
(114)
Fµνρσλ(k1, k2, k3) = gµρ gσλ (k2 − k3)ν + gµσ gρλ (k3 − k1)ν + gµλ gρσ(k1 − k2)ν + (µ↔ ν)
(115)
B Appendix. Scalar integrals
We collect in this appendix all the scalar integrals involved in this computation. To set all our
conventions, we start with the definition of the one-point function, or massive tadpole A0(m2), the
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massive bubble B0(s,m2) and the massive three-point function C0(s, s1, s2,m2)
A0(m2) = 1
iπ2
∫
dnl
1
l2 −m2 = m
2
[
1
ǫ¯
+ 1− log
(
m2
µ2
)]
, (116)
B0(k2,m2) = 1
iπ2
∫
dnl
1
(l2 −m2) ((l − k)2 −m2)
=
1
ǫ¯
+ 2− log
(
m2
µ2
)
− a3 log
(
a3 + 1
a3 − 1
)
, (117)
C0(s, s1, s2,m2) = 1
iπ2
∫
dnl
1
(l2 −m2) ((l − q)2 −m2) ((l + p)2 −m2)
= − 1√
σ
3∑
i=1
[
Li2
bi − 1
ai + bi
− Li2−bi − 1
ai − bi + Li2
−bi + 1
ai − bi − Li2
bi + 1
ai + bi
]
, (118)
with
ai =
√
1− 4m
2
si
bi =
−si + sj + sk√
σ
, (119)
where s3 = s and in the last equation i = 1, 2, 3 and j, k 6= i.
The one-point and two-point functions written before in n = 4 − 2 ǫ are divergent in dimensional
regularization with the singular parts given by
A0(m2)sing. → 1
ǫ¯
m2, B0(s,m2)sing. → 1
ǫ¯
, (120)
with
1
ǫ¯
=
1
ǫ
− γ − lnπ (121)
We use two finite combinations of scalar functions given by
B0(s,m2)m2 −A0(m2) = m2
[
1− a3 log a3 + 1
a3 − 1
]
, (122)
Di ≡ Di(s, si,m2) = B0(s,m2)− B0(si,m2) =
[
ai log
ai + 1
ai − 1 − a3 log
a3 + 1
a3 − 1
]
i = 1, 2.
(123)
The scalar integrals C0(s, 0, 0,m2) and D(s, 0, 0,m2) are the {s1 → 0, s2 → 0} limits of the generic
functions C0(s, s1, s2,m2) and D1(s, s1,m2)
C0(s, 0, 0,m2) = 1
2s
log2
a3 + 1
a3 − 1 , (124)
D(s, 0, 0,m2) = D1(s, 0,m2) = D2(s, 0,m2) =
[
2− a3 log a3 + 1
a3 − 1
]
. (125)
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The singularities in 1/ǫ¯ and the dependence on the renormalization scale µ cancel out when taking into
account the difference of two functions B0, so that the Di’s are well-defined; the three-point master
integral is convergent.
The renormalized scalar integrals in the modified minimal subtraction scheme named MS are
defined as
BMS0 (s, 0) = 2− Ls, (126)
BMS0 (0, 0) =
1
ω
, (127)
C0(s, 0, 0, 0) = 1
s
[
1
ω2
+
1
ω
Ls +
1
2
L2s −
π2
12
]
, (128)
where
Ls ≡ log
(
− s
µ2
)
s < 0. (129)
We have set the space-time dimensions to n = 4 + 2ω with ω > 0. The 1/ω and 1/ω2 singularities in
Eqs. (126) and (128) are infrared divergencies due to the zero mass of the gluons.
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